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ABSTRACT. Using very weak criteria for what may constitute a noncommutative
geometry, I show that a pseudo-Riemannian manifold can only be smoothly de-
formed into noncommutative geometries if certain geometric obstructions vanish.
These obstructions can be expressed as a system of partial differential equations
relating the metric and the Poisson structure that describes the noncommutativity.
I illustrate this by computing the obstructions for well known examples of non-
commutative geometries and quantum groups. These rigid conditions may cast
doubt on the idea of noncommutatively deformed space-time.
1. INTRODUCTION
One plausible way to try and construct examples of noncommutative geometry is
to start with an ordinary, commutative manifold and deform it. One can try to
construct noncommutative algebras that in some sense approximate the algebra of
smooth functions on the manifold, and then to construct noncommutative geome-
tries which approximate the geometry of the original manifold. There has been
considerable success with the first step. Techniques of geometric quantization can
be applied in many cases to construct a sequence of algebras which approximate
the algebra of functions in a very strong sense. In a much weaker sense, the formal
deformation quantization constructions of Fedosov [16] and Kontsevich [21] give
noncommutative approximations to any manifold.
Another motive for considering deformations is physical. There are many rea-
sons to suspect that pseudo-Riemannian geometry might not accurately describe
the small scale structure of space-time. Noncommutative geometry is a plausible
route toward a better description. However, the fact that pseudo-Riemannian ge-
ometry is a sufficient description of space-time for most purposes, suggests that
noncommutativity might be treated as a perturbation.
If so, then this noncommutativity would be described in the leading order by
a Poisson structure. Much optimism about this direction was generated by Kont-
sevich’s remarkable proof [21] that there exists a deformation quantization corre-
sponding to any Poisson structure.
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Kontsevich’s proof was partly inspired by string theory, and this contributed
to interest in possible connections between noncommutative geometry and string
theory. In [7] Connes, Douglas, and Schwarz argued that string theory compacti-
fied on a torus with a nonzero 3-form potential is equivalent to string theory com-
pactified on a noncommutative torus. Various authors have argued that a limit
of string theory on flat space-time with a constant 2-form potential (B-field) is de-
scribed by a noncommutative Yang-Mills theory, with the B-field providing the
Poisson structure (see [25, 20] and refences therein). Cornalba and Schiappo [11]
argued that the Poisson field is more generally equal to B + F, although they went
on to advocate using nonassociative “algebras”.
Although there exist many examples of noncommutative deformations of the
algebra of functions on a manifold, there are very few examples in which this
is extended to a deformation of the geometry. The only examples for which the
complete axioms of noncommutative geometry are satisfied are the noncommuta-
tive torus and a generalization of this constructed by Connes and Landi [10] for
any compact Riemannian manifold on which T2 acts by isometries (but see also
[8, 9]). Of course, the axioms of noncommutative geometry are not set in stone,
and Da˛browski and Sitarz have constructed an example which only satisfies some
of these axioms. On the other hand, Chakraborty and Pal [4] have constructed ge-
ometries on SUq(2)which satisfy the axioms but do not correspond to the classical
geometry of SU(2) = S3. All this suggests that deforming geometry is not easy and
may not be possible generically.
As I explain here, the structures of geometry cannot be deformed in general.
Specifically, integration can only be deformed nicely if the divergence of the Pois-
son field vanishes, πij
|j = 0. The other conditions involve a type of generalized
connection called a “contravariant connection” (see Sec. 2.2). The first order dif-
ferential calculus of 1-forms and the gradient operator d : C∞c (M) → Ω1c(M) can
only be deformed if there exists a flat, torsion free contravariant connection. A
(pseudo)Riemannian metric can only be deformed if
0 = K jkli
where K is the curvature of a certain contravariant connection constructed from the
Poisson structure and metric. The first two conditions are completely independent
of any specific formulation of noncommutative geometry. The derivation of the
last condition is motivated by Connes’ formulation of noncommutative geometry,
but as I explain, it appears to be much more general.
These conditions are necessary, but not sufficient. For one thing, they only de-
pend upon the description of the deformation to leading order; they do not ask
whether something may appear in higher order to obstruct the deformation of ge-
ometry. This is not even the most complete set of necessary conditions of this kind,
but that is for a future paper.
I anticipate three likely interpretations of this result:
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(1) Noncommutative deformations have no relevance to the geometry of the
universe.
(2) The geometry of space-time is described by a noncommutative deformation
at some level, and my conditions are physical equations of motion of the
Poisson field (or whatever fields determine the Poisson structure).
(3) Noncommutative deformations (in some sense) are relevant, but my as-
sumptions about their properties are too restrictive.
In the last case, my results can be taken as a guide to what one should not expect
or assume when trying to construct noncommutative deformations.
In Section 2, I give the necessary background and define what I mean by a de-
formation. I review how a Poisson structure is derived from a deformation and
review the definition of a contravariant connection. In Section 3, I give the ob-
struction to deforming integration. In Section 5, I give the obstruction to deforming
1-forms and the gradient operator. In Section 6, I give the obstruction to deforming
a metric. In Sections 7 and 8, I discuss the structure of solutions of these conditions
and show how some examples of noncommutative geometry and Poisson mani-
folds do or do not satisfy these conditions.
1.1. Notation. Throughout, M will denote a locally compact, smooth manifold.
C∞(M) will denote the space of smooth (infinitely differentiable), C-valued func-
tions on M. Γ(M, V) will denote the space of smooth sections of a vector bundle
V over M. Ωp(M) := Γ(M,∧pT ∗M) will denote the space of smooth differential
p-forms. C∞c , Γc, and Ω∗c will denote the spaces of compactly supported smooth
functions, sections, and forms.
Lower case Latin characters f, g, and h will mostly denote smooth functions,
except in Section 6 after which g will denote a metric. Lower case Latin characters
a, b, and c will denote elements of a (possibly noncommutative) algebra. Lower
case Greek characters σ, ρ, α, β, γ will mostly denote 1-forms. However, π will
denote the Poisson bivector field, ω will denote a symplectic 2-form, and ǫ will
denote a volume form.
Multivectors (vectors, bivectors, et cetera) are sections of the exterior powers
∧∗TM of the tangent bundle. I will use the symbol y to denote not only the con-
traction of a vector into a differential form, but also the contraction of a multivector
into a differential form. This is such that, for instance, (X ∧ Y) y ǫ = Y y (X y ǫ) =
ǫ(X, Y, . . . ).
LX denotes the Lie derivative with respect to a vector field X ∈ Γ(M, TM). A
covariant connection will be denoted as usual by∇. In index notation this will also
be denoted with a vertical stroke as, e. g., vi|j := ∇jv
i. A contravariant connection
(see Sec. 2.2) will be denoted as D to distinguish it from a Dirac-type operator
which will be denoted D in Section 6.
The symbol # will denote a certain map, # : T ∗M → TM, determined by the
Poisson structure (Sec. 2.1). Square brackets will denote the Lie bracket of vector
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fields or the bracket of a given Lie algebra. Curly brackets will denote the Pois-
son bracket and its generalizations. [a, b]− := ab − ba will denote a commutator.
Finally, [ · , · ]piwill denote the Koszul bracket of 1-forms (Sec. 2.1)
2. DEFORMATIONS
LetM be a smooth manifold. I am interested in a smooth, noncommutative defor-
mation ofM. What does this mean?
Suppose that there exists a one-parameter family of algebras Aκ with A0 =
C∞c (M). We don’t need to assume that κ takes a continuous range of values, only
that Aκ is defined for all κ in some subset of R that is dense at 0.
Because deformations of this kind are often discussed in the context of the clas-
sical limit of a quantum system, the deformation parameter is often called h¯. How-
ever, in general, the deformation parameter is not necessarily Planck’s constant
and I denote it as κ here to maintain this distinction.
Simply having a collection of algebras is not enough. We must tie them together
somehow. Thinking of theseAκ’s as algebras of smooth functions on noncommuta-
tive spaces, the spaces should fit together smoothly into a larger noncommutative
space, a sort of noncommutative cylinder. In this way, we have another algebra A
which is thought of as the algebra of compactly supported, smooth functions on
this larger noncommutative space.
The algebras Aκ form something like a bundle over the set of values of κ, al-
though it may not be locally trivial. Let k be the algebra of smooth functions of
κ. The algebra A should be a k-algebra; that is, A is a k-module and multiplica-
tion in A is k-linear. We need just a little local triviality. We should be able to
(non-canonically) expand any element of A as a power series in κwith coefficients
in C∞c (M). Algebraically, this means that κmA/κm+1A ∼= C∞c (M) for any positive
integerm.
It is also possible to consider formal deformations in which κ is only a formal
parameter. In that case we should take k = C[[κ]], the algebra of formal power
series in κ.
In fact, we will only need series expansions to second order in κ. At a minimum,
we can take for k the algebra C[κ]/κ3 and for A the free k-module C∞c (M)⊗ kwith
some noncommutative product.
The trivial case provides some guidance here. Consider the cylindrical space
X ∼= M × R and the commutative algebras A := C∞c (X) and k = C∞(R); identify
M withM × {0}. There are many ways of identifying X withM × R. If we choose
one, then this gives a canonical way of expanding any function f ∈ A = C∞c (X) as a
power series in κ (the coordinate on R) with coefficients in C∞c (M). However, if we
do not choose such an identification, then such an expansion is not canonical. The
“operator ordering” ambiguity in a noncommutative deformation is thus equiva-
lent to a coordinate freedom in this commutative case. Nevertheless, any function
f ∈ A = C∞c (X) that vanishes along M can be uniquely written as a multiple of κ,
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any function that vanishes to second order along M can be written uniquely as a
multiple of κ2, and so on.
The following definition is limited to the properties that I will actually need here.
Definition 1. A smooth deformation (to second order) of a manifold M is given by
a commutative C-algebra k, a k-algebra A, an element κ ∈ k, and an isomorphism
C∞c (M) ∼= A/κA, such that A/κ3A is a free C[κ]/κ3-module.
The isomorphism C∞c (M) ∼= A/κA is a generalization of the requirement that
A0 = C
∞
c (M). The last condition (freeness) expresses the requirement that any
element of A can be expanded to second order in powers of κ with coefficients
in C∞c (M). Consequently, A/κ3A is isomorphic to C∞c (M) ⊗ C[κ]/κ3 as a C[κ]/κ3-
module. The isomorphism is not canonical. Nevertheless, κA/κ2A is canonically
isomorphic to C∞c (M); that is, the class of any κa ∈ Amodulo κ2 is naturally iden-
tified with κf for some unique f ∈ C∞c (M).
Wemight also require thatA be a ∗-algebra. That is, that there exists an antilinear
involution ∗ : A → A such that (ab)∗ = b∗a∗. This would ensure that the Poisson
field is real. However, this will not affect the form of my constraints at all, so I will
not bother discussing it further.
Definition 1 encompasses both concrete deformations in which the algebras Aκ
actually exist, and formal deformations in which κ is only a formal parameter. The
concrete case will be important in motivating my definitions.
2.1. Poisson Structure. From any smooth deformation, we can construct a Poisson
bracket.
Use the commutator notation,
[a, b]− := ab− ba,
and use modκ to denote the equivalence class modulo κA. For f, g ∈ C∞c (M), let
a, b ∈ A such that f = a mod κ and g = b mod κ and define the Poisson bracket
{f, g} ∈ C∞c (M) by
κ{f, g} = i[a, b]− mod κ2.
The right hand side is a multiple of κ because [a, b]− mod κ = [f, g]− = 0. This
defines {f, g} uniquely because of the freeness assumption in Definition 1. It only
depends on f and g, because if we add a multiple of κ to a or b, this only changes
[a, b]− by a multiple of κ2. This is explicitly C-bilinear and antisymmetric in f and
g.
The properties of the Poisson bracket derive from associativity in A to first and
second order in κ. The identity
[ab, c]− = [a, c]−b+ a[b, c]−
for a, b, c ∈ A, modulo κ2 gives the Leibniz rule (derivation property),
{fg, h} = {f, h}g+ f{g, h}.
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The Jacobi identity for the commutator, modulo κ3, gives the Jacobi identity for the
Poisson bracket,
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.
The fact that the Poisson bracket is bilinear, antisymmetric, and a derivation on
both arguments implies that it is given by a Poisson bivector field π ∈ Γ(M,∧2TM).
That is,
{f, g} = π(df, dg) := πijdfidgj.
The Jacobi identity is equivalent to a condition on π which is expressed most suc-
cinctly (and cryptically) in terms of the Schouten-Nijenhuis bracket (see e. g., [28])
as
0 = [π, π], (2.1a)
or more explicitly as
0 = πiaπjk
|a+ π
jaπki|a+ π
kaπij
|a. (2.1b)
This is a diffeomorphism invariant differential equation; it does not depend on the
choice of torsion-free connection.
The Poisson structure determines a vector bundle homomorphism # : T ∗M →
TM, defined in index notation by, (#σ)j := πijσi. In general, # is not an isomor-
phism, but if it is, then its inverse is given by a symplectic structure. That is, there
exists a 2-formω ∈ Ω2(M)which is closed, dω = 0, and inverse to π,
πaiωaj = δ
i
j.
In general, the image of # gives preferred directions of the tangent bundle which
determine a symplectic foliation. So called because the restriction of the Poisson
structure to a leaf is symplectic.
The Koszul bracket [ · , · ]pi of 1-forms is defined by the properties
[df, dg]pi = d{f, g} (2.2)
and
[σ, fρ]pi = #σ(f)ρ+ f[σ, ρ]pi,
where #σ acts on f by a directional derivative. This satisfies the Jacobi identity and
is related to the Lie bracket by,
#[σ, ρ]pi = [#σ, #ρ]. (2.3)
The cotangent bundle T ∗M with the map # : T ∗M→ TM and the Koszul bracket
is an example of a more general structure called a Lie algebroid over M. A more
elementary example of a Lie algebroid is the tangent bundle itself with the identity
map and the Lie bracket.
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2.2. Contravariant Connections. I will use the concept of contravariant connec-
tion extensively here. This is actually just a case of the natural concept of a connec-
tion with respect to a Lie algebroid. Contravariant connections (or “contravariant
derivatives”) were defined by Vaisman [28] and analyzed in detail by Fernandes
[18]; the concept also occurs in [24] under a different name.
Definition 2. Given a vector bundle V →M, a contravariant connectionD is a linear
map from 1-forms to first order differential operators on V such that for any σ ∈
Ω1c(M), f ∈ C
∞
c (M), and v ∈ Γc(M, V),
Dfσv = fDσv
and
Dσ(fv) = #σ(f) v+ fDσv. (2.4)
Here, #σ(f)means the directional derivative of f by the vector field #σ.
This is very similar to the definition of an ordinary (covariant) connection, except
that cotangent vectors have taken the place of tangent vectors. This can also be
written using index notation such that Dσ = σiDi. The contravariant index on Di
is the reason for the name.
In many ways, contravariant connections behave much like covariant connec-
tions. Many standard definitions, identities, and proofs for covariant connections
can be translated to contravariant connections simply by exchanging the roles of
tangent and cotangent vectors (or covariant and contravariant indices) and replac-
ing Lie brackets with Koszul brackets. A contravariant connection on a vector bun-
dle V is equivalent to one on the dual bundle V∗ and determines a contravariant
connection on the matrix bundle EndV = V ⊗ V∗.
We can mimic the standard definition of curvature and define
K(σ, ρ)v := DσDρv−DρDσv−D[σ,ρ]piv. (2.5)
Note that the Koszul bracket has taken the place of the Lie bracket. A simple
calculation shows that K(σ, ρ) is a C∞c (M)-linear operator on Γc(M, V) and thus
all derivatives of v have cancelled. Similarly, K(σ, ρ) is C∞c (M)-linear in σ and ρ.
So, K is really an End(V)-valued bivector — just as the curvature of a covariant
connection is an End(V)-valued 2-form. I will use the term “flat” to mean that a
contravariant connection has K = 0.
In the special case that V = T ∗M, we can mimic the definition of torsion and
define,
T(σ, ρ) := Dσρ−Dρσ− [ρ, σ]pi. (2.6)
In the same way, T turns out to be a type (2, 1)-tensor — just as the torsion of a
covariant connection is a type (1, 2)-tensor.
The most significant difference between a covariant and a contravariant connec-
tion is thatDσ does not necessarily involve any derivatives. If the 1-form σ is such
that #σ = 0, then Dσ is simply an operator of multiplication by some section of
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the bundle of matrices EndV . When Dσ does involve derivatives, it only takes
derivatives parallel to the symplectic foliation determined by π.
The simplest examples of contravariant connections are derived from covariant
connections. If∇ is a covariant connection, then
Dσ := ∇#σ (2.7)
defines a contravariant connection. However, this clearly has the property that
#σ = 0 implies Dσ = 0. As this property does not hold in general, not every
contravariant connection is of this form.
3. INTEGRATION
If an n-dimensional manifold,M, has a volume form ǫ ∈ Ωn(M) (e. g., a Riemann-
ian volume form) then integration of functions defines a linear map,
τ0 :C
∞
c (M)→ C
f 7→ ∫
M
fǫ.
This is trivially a trace, τ0(fg) = τ0(gf), because C∞c (M) is commutative. When
generalizing to noncommutative algebras, it is natural to require integration to be
a trace, that is such that τ(ab) = τ(ba). In Connes’ formulation of noncommu-
tative geometry, the generalized integration constructed from a spectral triple is
automatically a trace.
Given a smooth deformation of M, we can try to smoothly deform integration
to a trace. For a concrete deformation, this means that we should have a trace map
τκ : Aκ → C for each value of κ, such that these together give a smooth function
of κ for every a ∈ A. More generally, and abstractly, we would like a k-linear trace
τ : A→ k.
Use the notation y for the contraction of a vector or multivector into a differential
form. In particular (X∧Y)yǫ = ǫ(X, Y, . . . ) and πyǫ is the differential (n−2)-form
(π y ǫ)ij··· =
1
2
πabǫabij···.
Theorem 1. LetA be a smooth deformation ofM. If there exists a k-linear trace τ : A→ k
such that∫
M
fǫ = τ(a) mod κ
for f = a mod κ, then the Poisson field must satisfy,
0 = d(π y ǫ), (3.1a)
or equivalently, it has 0 divergence
0 = ∇jπ
ij (3.1b)
for any torsion-free connection such that∇ǫ = 0.
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Proof. The trace property can be equivalently stated as, 0 = τ[a, b]− for all a, b ∈ A.
Commutativity of C∞c (M) already implies that 0 = τ[a, b]− mod κ. The condition
for it to vanish to first order in κ is
0 = τ[a, b]− mod κ2
= −iκ
∫
M
{f, g} ǫ (3.2)
for any a, b ∈ A and f = a mod κ, g = b mod κ. However, we can rewrite the
integrand as
{f, g} ǫ = df∧ dg∧ (π y ǫ).
Because f and g are compactly supported, there are no boundary terms when we
rewrite the condition as
0 =
∫
M
df∧ dg∧ (π y ǫ) =
∫
M
f dg∧ d(π y ǫ).
Since this must hold for any f, g ∈ C∞c (M), this implies eq. (3.1a).
In index notation, d(π y ǫ) is
d(π y ǫ)ij··· =
n−1
2
πab|[iǫj··· ]ab = π
ab
|bǫaij···.
So, eq. (3.1b) follows. 
Equation (3.2) means that integration gives a “Poisson trace”. In these terms,
this result was already given by Weinstein in [29]. This condition was applied to
quantization in [1, 17].
Interestingly, this same conclusion can also be reached from a completely dif-
ferent hypothesis. The orientation axiom for a real spectral triple [6] requires the
existence of a Hochschild homology class which generalizes the volume form of
a commutative manifold. If ǫ can be smoothly deformed into a Hochschild ho-
mology class for A, then (3.1) must be satisfied. This is indicative of the interplay
among Connes’ axioms for noncommutative geometry.
4. BIMODULES
Let V be a smooth vector bundle overM. The product of a smooth function with
a smooth section of V is again a smooth section of V . So, as is well known, the
space of sections, Γc(M, V) is a module of C∞c (M). It is also a bimodule, if we define
left and right multiplication to be the same. Because C∞c (M) is commutative, this
satisfies the bimodule condition of associativity, f(vg) = (fv)g for any f, g ∈ C∞c (M)
and v ∈ Γc(M, V).
In Sections 5 and 6 we will be interested in deforming Γc(M, V) into a bimodule
of a deformed algebra. In the case of a concrete deformation, for each value of κ
we want anAκ-bimodule, and these should fit together nicely into an A-bimodule,
V, such that V/κV ∼= Γc(M, V).
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Definition 3. Given a smooth deformation A of M, a bimodule deformation of a
smooth vector bundle V overM is an A-bimodule V with a C∞c (M)-bimodule iso-
morphism Γc(M, V) ∼= V/κV such that V/κ3V is a free C[κ]/κ3-module.
Since V is a bimodule, we can define the commutator of a ∈ A and v^ ∈ V in the
same way as in an algebra,
[a, v^]− := av^− v^a.
From this, we can construct the (generalized) Poisson bracket of functions and
sections, { · , · } : C∞c (M)× Γc(M, V)→ Γc(M, V).
The following result is present in different terms in [24]; see also [3].
Theorem 2. A bimodule deformation of V determines a flat contravariant connection D
on V such that,
Ddfv = {f, v} (4.1)
for any f ∈ C∞c (M) and v ∈ Γc(M, V).
Proof. This bracket satisfies the same properties as the ordinary Poisson bracket
(except for antisymmetry, which is just a matter of notation). It is a derivation on
both arguments and satisfies the Jacobi identity. The proof is identical to that for
the ordinary Poisson bracket.
The Leibniz identity on the first argument is,
{fg, v} = {f, v}g+ f{g, v}.
This implies that {f, v} depends locally and linearly on df. So, we can define D by
Ddfv := {f, v}.
The Leibniz identity on the second argument is,
{f, gv} = {f, g}v+ g{f, v}.
In terms of D this is,
Ddf(gv) = {f, g}v+ gDdfv
= (#df)g v+ gDdfv.
By C∞c (M)-linearity, this property is still true if we replace df with an arbitrary
1-form σ ∈ Ω1c(M),
Dσ(fv) = #σ(g) v+ gDσv.
This is precisely the condition for D to be a contravariant connection.
Using equations (4.1), (2.2), and (2.5), the Jacobi identity can be written as
0 = {f, {g, v}}− {g, {f, v}}− {{f, g}, v}
= DdfDdgv−DdgDdfv−Dd{f,g}v
= DdfDdgv−DdgDdfv−D[df,dg]piv
= K(df, dg)v
and therefore K = 0. That is, D is a flat contravariant connection. 
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UnlessM is a symplectic manifold, this flatness condition is not nearly so restric-
tive as flatness of an ordinary connection. The equation 0 = Dv cannot be solved
locally for a general flat contravariant connection. Nevertheless, this condition is
still quite restrictive.
Using a contravariant connection, one can construct characteristic classes in Pois-
son cohomology [18] from the curvature. These are simply the images of the con-
ventional characteristic classes by the natural map, #∗ : H∗(M) → H∗pi(M). The
existence of a flat contravariant connection thus implies that any (rational) char-
acteristic class of V must be contained in the kernel of #∗, except in degree 0. In
particular, any characteristic class of the restriction of V to a symplectic leaf must
be trivial.
5. ONE-FORMS
Most notions of a noncommutative space involve some generalization of differ-
ential forms. In Connes’ formulation, a complex of differential forms can be con-
structed from the algebra (of “functions”) and the Dirac operator. Other authors
(e. g., [14]) simply posit such a complex as a fundamental structure. A common
feature of these is that the exterior derivative should be a derivation (satisfying the
Leibniz rule).
In the case of a concrete deformation, suppose that for each value of κ there
exists Ω1κ and a derivation d : Aκ → Ω1κ. For κ = 0 these should be Ω10 = Ω1c(M)
and the gradient operator. The Leibniz rule is simply,
d(ab) = dab+ adb. (5.1)
This is only meaningful if Ω1κ is an Aκ-bimodule. We should then require the bi-
modules and derivations to fit together smoothly. This suggests the following def-
inition.
Definition 4. Given a smooth deformation of M, a deformation of 1-forms is a bi-
module deformationΩ1 of the cotangent bundle T ∗M along with a derivation
d : A→ Ω1
that reduces to the gradient operator d : C∞c (M)→ Ω1c(M)modulo κ.
Theorem 3. A deformation of 1-forms determines a contravariant connection on T ∗M
which is not only flat, but also torsion-free.
Proof. By Theorem 2, the bimodule deformation of T ∗M determines a flat con-
travariant connection D on T ∗M.
The Leibniz rule (5.1) implies that
d[a, b]− = [da, b]−+ [a, db]− = [a, db]−− [b, da]−,
and the Poisson bracket inherits this as,
d{f, g} = {f, dg}− {g, df}.
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In terms of the contravariant connection,
0 = Ddfdg−Ddgdf− d{f, g}
= Ddfdg−Ddgdf− [df, dg]pi
= T(df, dg).
Therefore T = 0. 
This is philosophically unsurprising if we consider that torsion of a covariant
connection is what happens if we forget that the tangent bundle is the tangent
bundle. In this case, the gradient operator establishes that the cotangent bundle
really is the cotangent bundle.
In index notation, the property that a contravariant connection is flat and torsion-
free can be stated simply asDiDj = DjDi.
This is not the only condition of this kind. In fact, the existence of a consistent
deformation of 2-forms places an additional condition on this same contravariant
connection. However, the geometric interpretation of this condition is much more
complicated and I will postpone discussion to a future paper.
Corollary 4. IfM is a symplectic manifold and there exists a deformation of 1-forms, then
M admits a flat, torsion-free covariant connection.
Proof. Symplectic means that the bundle homomorphism # : T ∗M → TM is an iso-
morphism. In this case, the contravariant connectionD is equivalent to a covariant
connection ∇ related by the formula
∇#σ(#ρ) = #(Dσρ). (5.2)
Note that this differs from eq. (2.7). As noted in [18] (Remark 2.3.2) when a covari-
ant and a contravariant connection are intertwined in this way, their curvatures
and torsions are intertwined by #. So, the fact thatD is flat and torsion-free implies
that ∇ is flat and torsion-free. 
6. METRIC STRUCTURE
The most restrictive (and concretely defined) notion of noncommutative geometry
is given by Connes’ axioms for a real spectral triple [6]. These describe a noncom-
mutative generalization of a Riemannian Spin manifold.
A real spectral triple involves the following structures: a ∗-algebra A, a Hilbert
spaceH on which A is faithfully represented, an unbounded self-adjoint operator
D on H, an antiunitary operator J on H, and (for even dimensions) a Z2-grading
onH.
For a compact Spin manifold, the algebra is A = C∞(M), the Hilbert space is
that of square-integrable sections of the spinor bundle,D is the Dirac operator, J is
the charge-conjugation operator, and the grading is that into left and right handed
spinors.
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The axioms for a real spectral triple give the following properties, among others:
H is an A-bimodule with the left and right multiplications intertwined by J. The
common domain,
H∞ :=
∞⋂
m=1
domDm
of all powers of D is a projective right (and left) A-module. For any a ∈ A, the
commutator [D,a]− is a bounded operator onH (orH∞) and commutes with right-
multiplication by any b ∈ A.
In the case of a compact Spin manifold, H∞ is the space of smooth sections of
the spinor bundle and [D, f]− = iγidfi, in terms of the Dirac matrix-vector.
For a spectral triple, there is a construction of noncommutative differential forms
which is quite simple in degree 1. The A-bimoduleΩ1D ⊂ L(H) is generated by all
commutators [D,a]− for a ∈ A and the differential map d : A → Ω1D is given by
da = −i[D,a]−.
The properties that we will need here are more general than Spin manifolds and
real spectral triples. We do not need the operator J, only the bimodule structure.
We do not need the Hilbert space H, only the bimodule H∞ . Indeed, H could
even be a Krein space, as in the approach to noncommutative space-time advo-
cated by Strohmaier [26]. We do not need spinors, only some Spin bundle; that
is, a bundle carrying a representation of the bundle of Clifford algebras. The Spin
bundle∧∗T ∗M, which exists for any Riemannian or pseudo-Riemannianmanifold,
is sufficient.
Definition 5. A deformed spectral triple (A,V, D) for a (pseudo)Riemannian man-
ifold M consists of a smooth deformation A of M, a bimodule deformation V of
some Spin bundle V , and a k-linear operator D : V→ V such that
(1) D mod κ is the Dirac-type operator on sections of V .
(2) For any a ∈ A, [D,a]− commutes with the right multiplication of A on V.
(3) The construction of noncommutative differential forms from A andD gives
a deformation of 1-forms onM.
Let Ω1 := Ω1D be the space of noncommutative 1-forms constructed with A and
D. Modulo κ, this reduces to the classical space of 1-forms, Ω1c(M). The isomor-
phism c : Ω1c(M) −˜→ Ω1/κΩ1 is the Clifford representation on V ; if V is the spinor
bundle, this is given by the Dirac matrix-vector as c(σ) = γjσj. The only part of the
definition of a deformation of 1-forms which is not automatically satisfied is the
condition that Ω1/κ3Ω1 be a free C[κ]/κ3-module. This is effectively a condition
on the behavior of D. This condition is automatically satisfied for an “isospec-
tral” deformation in which V can be represented as a free k-module such that D is
independent of κ.
Theorem 5. A deformed spectral triple determines a flat, torsion-free contravariant con-
nection on T ∗M which is compatible with the metric,
0 = Digjk. (6.1)
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Proof. Since by hypothesis V andΩ1 are bimodule deformations of V and T ∗M, we
have flat contravariant connections on V and T ∗M by Theorem 2. By Theorem 3,
the contravariant connection on T ∗M is also torsion-free.
For, a ∈ A, σ^ ∈ Ω1, and v^ ∈ V, associativity gives the elementary identity,
[a, σ^ v^]− = [a, σ^]−v^+ σ^[a, v^]−. (6.2)
This is automatically true to 0’th order in κ. At first order, (6.2) gives an identity
for generalized Poisson brackets; let f ∈ C∞c (M), σ ∈ Ω1c(M), and v ∈ Γc(M, V),
{f, c(σ)v} = c({f, σ})v+ c(σ){f, v}.
In terms of the contravariant connections for T ∗M and V ,
Ddf[c(σ)v] = c(Ddfσ)v+ c(σ)Ddfv,
and so c is “parallel” with respect to the contravariant connections.
The Clifford identity,
gijσiρj =
1
2
[c(σ)c(ρ) + c(ρ)c(σ)]
then shows that the metric pairing is also parallel, which is equivalent to (6.1). 
Other arguments are possible for this same metric-compatibility condition (6.1).
For instance, given a deformation of 1-forms, we might try to define a deformed
noncommutative metric as an A-bimodule homomorphism 〈 · , · 〉 : Ω1⊗A Ω1→ A
which reduces modulo κ to the classical metric (in contravariant form). By bimod-
ule linearity, for a ∈ A and β^, γ^ ∈ Ω1,
[a, 〈β^, γ^〉]− = 〈[a, β^]−, γ^〉+ 〈β^, [a, γ^]−〉.
Modulo κ, this gives
(#df)〈β, γ〉 = 〈Ddfβ, γ〉+ 〈β,Ddfγ〉,
which implies the metric-compatibility property (6.1).
Alternatively, suppose that S2 ⊂ Ω1 ⊗A Ω1 is a bimodule deformation of the
symmetric 2-tensor bundle S2T ∗M. For instance, this might be the kernel of a de-
formed exterior product map ∧ : Ω1 ⊗A Ω1 → Ω2. We might define a deformed
noncommutative metric to be a bimodule homomorphism S2 → A which reduces
to the classical metric modulo κ. The deformation determines a contravariant con-
nection on S2T ∗M which coincides with that induced by the connection for T ∗M.
Again, this implies metric compatibility.
Corollary 6. If a Riemannian manifold admits a deformed spectral triple such that the
Poisson structure is symplectic, then it admits a flat Riemannian metric defined by
g ′jk := ωjaωkbg
ab. (6.3)
Proof. By Corollary 4, the contravariant connectionD for T ∗M is equivalent to a flat,
torsion-free covariant connection ∇. This is related by eq. (5.2). In terms of index
notation, we can translate between expressions in terms ofD and∇ by raising and
lowering all indices with the Poisson field π and the symplectic form, respectively.
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BecauseD is compatible with the metric g, we have
0 = ωiaωjbωkcD
agbc
= ∇i(ωjbωkcg
bc)
= ∇ig
′
jk.
Therefore, ∇ is the Levi-Civita connection for g ′ and its curvature, 0, is the Rie-
mannian curvature of g ′. 
Note that if g is Riemannian, then so is g ′. In general, g ′ has the same signature
as g.
A priori, the condition presented by Thm. 5 is existential. One might despair of
proving the nonexistence of a suitable connection. However, the situation is actu-
ally much better. There is a strong formal analogy between formulas in Riemann-
ian geometry and in the present setting; the roles of covariant and contravariant
indices are simply interchanged. In particular, there is an analogue of the Levi-
Civita connection.
Theorem 7. If a manifoldM has both a metric g and a Poisson field π, then there exists a
unique torsion-free, metric-compatible, contravariant connectionD given by,
〈Dαβ, γ〉 =
1
2
[
(#α)〈β, γ〉− (#γ)〈α, β〉+ (#β)〈γ, α〉
+ 〈[γ, α]pi, β〉 − 〈[β, γ]pi, α〉+ 〈[α, β]pi, γ〉
]
, (6.4)
for α, β, γ ∈ Ω1(M). Here, 〈α, β〉 := gijαiβj is the metric pairing and the vectors #α, et
cetera act by directional derivatives.
Definition 6. This D is the metric contravariant connection.
Proof. The construction is precisely analogous to that of the Levi-Civita connection.
Suppose that such a connection exists. The metric compatibility condition im-
plies that
(#α)〈β, γ〉 = 〈Dαβ, γ〉+ 〈β,Dαγ〉,
and the torsion-free condition is
Dαγ = Dγα− [γ, α]pi.
Putting these facts together gives
〈Dαβ, γ〉 = (#α)〈β, γ〉+ 〈[γ, α]pi, β〉− 〈Dγα, β〉.
By iterating this three times, we can solve for 〈Dαβ, γ〉 and get eq. (6.4).
This construction proves uniqueness. To prove that this defines a connection,
one can multiply the arguments by functions to show that all derivatives of α and
γ cancel and verify that this satisfies the correct Leibniz rule in the argument β. 
The formula (6.4) is the natural analogue of a formula for the Levi-Civita con-
nection. In fact (6.4) has already appeared, although without derivation, in [2].
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Corollary 8. If a (pseudo)Riemannian manifoldM admits a deformed spectral triple, then
the metric contravariant connection must be flat.
Proof. This is immediate from Theorems 5 and 7. 
This means that the necessary condition for compatibility of Riemannian and
Poisson structures may be expressed as a differential equation, albeit a very cum-
bersome one when written out explicitly.
We can also construct the metric contravariant connection in terms of the Levi-
Civita (covariant) connection, ∇. The contravariant connection ∇# defined by
eq. (2.7) is metric-compatible, but has torsion. Using equations (2.2) and (2.6), the
torsion is
T∇#(df, dh) = ∇#dfdh−∇#dhdf− d{f, h}.
Using index notation (with a vertical stroke for ∇) this is,
T ijkf|ih|j = π
ijf|ih|jk+ π
ijf|ikh|j− (π
ijf|ih|j)|k = −π
ij
|kf|ih|j.
Thus T ijk = −π
ij
|k or equivalently,
T∇# = −∇π.
The metric contravariant connection can be constructed by correcting this; its ac-
tion on a 1-form is
Diσk = π
ij∇jσk+A
ij
kσj,
where
Aijk :=
1
2
(
πij
|k
− π
j |i
k − π
i |j
k
)
(6.5)
and indices are raised and lowered with the metric.
Using this, we can explicitly construct the curvature of D. It is
Kijkl = π
iaπjbRklab− π
iaAjk
l |a
+ πjaAikl |a−A
ia
lA
jk
a+A
ja
lA
ik
a+ π
ij
|a
Aakl . (6.6)
Although it is not at all apparent from this expression, this tensor actually has
precisely the symmetries of the Riemann tensor. Setting this to 0 gives a differential
equation relating π and the metric.
7. SOME SOLUTIONS
If a commutative manifold is deformed into noncommutative geometry, it ought to
have both a metric structure and integration. If a manifold can be deformed with
respect to a given Poisson structure, then we should expect the conclusions of both
Theorem 1 and Corollary 8 to hold. That is, it should satisfy both the conditions
of 0 divergence and flatness of the metric contravariant connection. There may
indeed be other necessary conditions, but just considering the conditions at hand
is illuminating.
There is one case in which a general solution to the second condition can be
written down explicitly. Suppose that the manifoldM is R2n and the Poisson field
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is symplectic. Because R2n is contractible, the symplectic form must be exact and
can be written in terms of a potential 1-form as ω = dθ. According to Cor. 6, a flat
metric g ′ can be constructed from ω and the original metric g. We can spend our
coordinate freedom and fix g ′ to be some constant metric on R2n. The metric g and
symplectic form are now both determined by θ as
gij = ωiaωjbg
′ab (7.1)
andω = dθ.
Let ǫ and ǫ ′ be the volume 2n-forms of the metrics g and g ′, respectively. Since
all volume forms are proportional, the symplectic volume form can be written as
ωn
n!
= hǫ ′ (7.2)
in terms of some smooth function h ∈ C∞(R2n). In coordinates the volume forms
are given by the determinants of g, g ′, andω. Equation (7.1) gives
detg = (detω)2(detg ′)−1
and eq. (7.2) gives detω = h2detg ′. Thus
(detω)2 = detgdetg ′ = h4(detg ′)2
and ǫ = h2ǫ ′ = hω
n
n!
. We can therefore write, π y ǫ = hω
n−1
n!
and the divergence
condition is
0 = d(π y ǫ) = dh∧
ωn−1
n!
;
That is, that h is constant.
So, the general solution of the conditions for symplectic R2n is given by a con-
stant metric g ′ on R2n and a 1-form θ ∈ Ω1(R2n) such that detdθ is constant. There
is a gauge freedom to add any gradient to θ, thus there are 2n− 2 local degrees of
freedom to this solution.
This is in contrast to an arbitrary Riemannian metric on R2n. That has n(2n +
1) components, but there are 2n degrees of diffeomorphism freedom per point.
Therefore an arbitrary Riemannian metric has n(2n − 1) degrees of freedom per
point.
Of course, an arbitrary symplectic manifold resembles this locally, so the count-
ing of degrees of freedom is not limited to R2n. In two dimensions this is particu-
larly striking. There are no local degrees of freedom. In this way, only a flat 2-torus
can be deformed into a noncommutative geometry.
From this it is clear that only a very restricted class of Riemannian geometries is
compatible with any symplectic structure. The requirement of compatibility with
a deformation leaves geometry quite rigid.
The condition of contravariant flatness given by Corollary 8 can be considered
as a second order nonlinear partial differential equation in g and π. It is homo-
geneously quadratic in π. Notably, it only involves derivatives in directions in
which π is nonvanishing; that is, along the symplectic foliation determined by π.
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This gives a sort of causal structure. We should expect solutions to propagate only
along the symplectic leaves.
To get a greater sense of the structure of solutions of these conditions, we can
consider perturbations of a given solution. However, perturbations of π are in
general badly behaved. If the rank of π (in some neighborhood) is less than the
dimension ofM, then an arbitrarily small perturbation can increase the rank. This
would increase the dimension of the symplectic leaves and thus drastically change
the causal structure of the contravariant flatness condition.
It is thus much easier to consider perturbations of the metric relative to a fixed
Poisson structure. The curvature of the metric contravariant connection is in some
ways analogous to the curvature of the Levi-Civita connection, so consider the
analogous problem: perturbing a flat metric to other flat metrics. If we are given
a flat metric on some manifold, then locally any other flat metric is equivalent via
a diffeomorphism. So, locally, any perturbation of the flat metric to another flat
metric is given by an infinitesimal diffeomorphism; that is, the perturbation is the
Lie derivative with respect to some vector field ξ,
δgij = Lξgij = ∇iξj+∇jξi, (7.3)
where the index on ξi is of course lowered with the metric.
The linearized contravariant flatness condition is formally very similar. Let hij =
δgij be a perturbation of the contravariant form of the metric, and suppose that the
metric contravariant connection of g is flat. The condition that the perturbation
preserve flatness is,
0 = DjDlhik+DiDkhjl−DkDlhij−DiDjhkl. (7.4)
Note that the order of theD’s is irrelevant becauseD is flat and torsion-free. Using
the Koszul bracket in place of the Lie bracket, we can define a sort of Lie derivative
with respect to a 1-form. This can be expressed in terms of D, and the analogue of
(7.3) is, for some α ∈ Ω1(M),
hij = Diαj+Djαi. (7.5)
It is easy to check that this is a solution of eq. (7.4). In fact, the computation is
formally identical to checking that (7.3) is a solution of the linearized Riemann
flatness condition.
The formula (7.5) gives enough solutions locally in the symplectic case, but not
generically. For example, if π = 0, then any metric satisfies the contravariant flat-
ness condition; so, any perturbation will satisfy eq. (7.4). Yet (7.5) is identically 0.
Clearly, there are other solutions in general.
If the metric is perturbed by hij, then the change in the volume form is δǫ =
−1
2
hkkǫ. The linearization of eq. (3.1a) is thus,
0 = d(hkkπ y ǫ) = d(h
k
k)∧ (π y ǫ)
or simply, 0 = πij∇jhkk. That is, hkkmust be constant along the symplectic leaves.
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Inserting the expression (7.5) into this equation gives the condition,
0 = πij∇j(D
kαk)
= #d(Dkαk).
(7.6)
That is, Dkαk should be constant along symplectic leaves. So, a class of perturba-
tions preserving the conditions for deformation is given by (7.5) for α satisfying
eq. (7.6).
8. EXAMPLES AND COUNTEREXAMPLES
8.1. The Noncommutative Torus. The oldest and best known example of a non-
commutative geometry obtained by deforming a commutative manifold is the
noncommutative 2-torus. The real spectral triple which describes the geometry
was given in [6]. The classical Riemannian manifold is a flat 2-torus. The classi-
cal geometry and the deformed algebra are both invariant under the action of the
2-torus group T2, therefore the Poisson field must be invariant. The Poisson struc-
ture is thus symplectic with symplectic form a multiple of the volume form. The
Levi-Civita connection is just the trivial connection, so
0 = ∇kπ
ij
and in particular,∇jπij = 0which is precisely what we should expect from Thm. 1.
The metric contravariant connection must be T2 invariant, so the simplest pos-
sibility is the connection ∇# derived from the Levi-Civita connection. A simple
computation shows that this is flat, torsion-free, and metric-compatible; thus the
conclusion of Thm. 5 also holds.
8.2. Isospectral Deformations. The noncommutative torus was generalized con-
siderably by Connes and Landi [10]. The construction applies to a compact Rie-
mannian Spin manifoldM on which a torus group Tm (m ≥ 2) acts isometrically.
We can assume without loss of generality that Tm acts faithfully.
Given any constant (i. e., Tm-invariant) Poisson field on Tm, we can deform the
algebra of smooth functions to a noncommutative algebra C∞(Tmκ )which is a direct
generalization of the noncommutative 2-torus. The algebra C∞(M) is then twisted
by the noncommutative Tm. The deformed algebra is the Tm-invariant subalgebra
of C∞(M) ⊗̂ C∞(Tmκ ).
The construction of the spectral triple is quite simple. The deformed algebra is
represented on the same Hilbert space of square-integrable sections of the classical
spinor bundle. The classical Dirac operator is used with the deformed algebras as
well. Since the operators are identified, their spectra are the same and this gives
the name “isospectral” to this construction.
This family of spectral triples is very well behaved. They satisfy the axioms [6]
for real spectral triples. In particular, a trace on each algebra can be constructed
using the Dixmier trace and the Dirac operator. We should certainly expect that
these examples will fit my definitions and satisfy the conditions I have formulated.
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Let {Xa} be a basis of infinitesimal generators of the Tm-action onM and let ΠAB
be the components of the (constant) Poisson field on Tm. The Poisson field onM is
simply π = 1
2
ΠABXA∧ XB.
The vectors XA are Killing vectors, so in particular
0 = LXAǫ = d(XA y ǫ).
Because Tm is abelian, [XA, XB] = 0, and thus
0 = [XA, XB] y ǫ
= LXA(XB y ǫ) − XB y (LXAǫ)
= XA y d(XB y ǫ) + d [XA y (XB y ǫ)]
= −d [(XA∧ XB) y ǫ] .
This implies that d(π y ǫ) = 0, so this indeed satisfies the conclusion of Thm. 1.
The map # : T ∗M→ TM is given by, #σ = ΠAB(XAyσ)XB. Define a contravariant
connection byDσ = ΠAB(XAyσ)LXB . Because the XA’s are Killing vectors, we have
immediately metric-compatibility, Dg = 0.
It is sufficient to compute the torsion with exact 1-forms. So for f, h ∈ C∞(M)we
find the derivative
Ddfdh = Π
ABXA(f)d(XBh).
This gives
T(df, dh) = Ddfdh−Ddhdf− d{f, h}
= ΠAB [XAf d(XBh) + d(XAf)XBh − d(XBf XBh)]
= 0,
and hence T = 0. Therefore, by the uniqueness result of Thm. 7, D is the metric
contravariant connection.
If σ ∈ Ω1(M) is Tm-invariant, then Dσ = 0, so clearly Kσ = 0. This shows that
K = 0 at any point that is not fixed by any proper subgroup of Tm, but such points
are dense and therefore K = 0 identically. So, with this contravariant connection,
M satisfies the conclusion of Thm. 5.
8.3. The Fuzzy Sphere. The “fuzzy sphere” [23] is another popular noncommu-
tative space. It is a concrete, SU(2)-equivariant deformation of the sphere S2. Al-
gebras Aκ exist for κ = 0 and κ = N−1 (N a positive integer). The algebra A1/N
is simply the algebra of N by N matrices. The equivariance provides a way of
simulating geometric constructions on the fuzzy sphere, but a spectral triple that
describes its geometry has not been found.
Because the deformation is equivariant, the Poisson field π must be SU(2)-in-
variant. The only possibility is symplectic, with symplectic form some multiple of
the volume form. The contraction π y ǫ is a constant function on S2, so d(π y ǫ) = 0
and the conclusion of Thm. 1 is satisfied. Indeed, integration on S2 can be smoothly
deformed to traces. On the algebra A1/N, this is simply τ1/N = 4piN tr.
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By Cor. 6, there can be no deformed spectral triple for the fuzzy sphere, because
S2 does not admit a flat metric. By Cor. 4, it is not even possible to deform 1-forms
to the fuzzy sphere, because T ∗S2 does not admit any flat connection.
The fuzzy sphere generalizes nicely to other coadjoint orbits. A coadjoint orbit
of a compact, semisimple Lie group G is deformed to a sequence of G-equivariant
matrix algebras. The Poisson structures are symplectic and G-invariant. None of
these admit deformed spectral triples, because none of these coadjoint orbits admit
a flat metric.
8.4. TwoDimensions. Suppose thatM is a 2-dimensional, connected Poissonman-
ifold with a volume form ǫ ∈ Ω2(M), and let ǫij be the inverse of the volume form.
Because the bundle of bivectors is rank 1, we must have πij = hǫij for some smooth
function h ∈ C∞(M).
This ansatz gives that πyǫ = h. So, the condition from Thm. 1 that 0 = d(πyǫ) =
dh implies that h is constant. In other words, either π = 0 orM is symplectic with
symplectic form a constant multiple of ǫ.
IfM is also Riemannian and admits a deformed spectral triple, Corollary 8 then
shows that if π 6= 0 thenM admits a flat metric. That is, it can only be a torus T2, a
cylinder S1× R, or the plane R2.
Suppose instead thatM admits a deformed spectral triple, but disregard the hy-
pothesis of Thm. 1 (that integration is deformed to a trace). The open submanifold
Σ := {x ∈M | π(x) 6= 0}
is symplectic with symplectic form ω = h−1ǫ. If M admits a deformed spectral
triple, then by Cor. 6 there exists a flat metric on Σ given by,
g ′ij = ωiaωjbg
ab = h−2gij.
In other words, gij must be flattened by the conformal factor h−1. Of course, any
2-dimensional manifold is locally conformally flat, and so such an h always exists
locally.
Consider the unit sphere S2. This is not globally conformally flat, but if we re-
move a point, then Σ = S2r ∗ is. We can write the metric in an explicitly confor-
mally flat form using a complex coordinate ζ,
ds2 = 4(ζζ¯+ 1)−2dζdζ¯. (8.1)
This shows that the condition will be satisfied by h = 2c(ζζ¯ + 1)−1 for c constant.
In terms of the standard embedding coordinates, h = c(1 + z), so this is a smooth
function on S2 and vanishes at the deleted point.
The volume form for the metric (8.1) is ǫ = 2i(ζζ¯ + 1)−2dζ ∧ dζ¯, and so the
symplectic form will beω = h−1ǫ = −ic−1(ζζ¯ + 1)−1dζ∧ dζ¯. The Poisson bracket
is thus given by,
{ζ, ζ¯} = −ci(ζζ¯+ 1). (8.2)
The sphere minus two points is also globally conformally flat. However, the con-
formal factor is such that h would not be differentiable on S2. This would mean
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that the Poisson bracket of two smooth functions would not always be differen-
tiable. This does not correspond to a smooth deformation.
The Podles´ standard sphere is a (noncommutative) homogeneous space of the
quantum group SUq(2). For q = 1 it is the commutative sphere, S2. Da˛browski
and Sitarz have constructed an unusual spectral triple for the Podles´ sphere which
is SUq(2)-equivariant and reduces to the spectral triple for a sphere of radius 1
when q = 1; it satisfies some — but not all — of Connes’ axioms for a real spectral
triple.
The Podles´ standard sphere algebra A(S2q) (for q ∈ R) is the ∗-algebra generated
by A and B such that,
A = A∗, AB = q2BA, BB∗ = q−2A(1−A), B∗B = A(1− q2A).
This is a smooth deformation of S2with q = 1+κ. When q = 1,A(S21) is the algebra
of polynomial functions on the unit sphere and we can write the generators in
terms of the standard embedding coordinates as
A = 1
2
(1+ z)
B = 1
2
(x+ iy).
The commutator in A(S2q) gives the Poisson bracket in the commutative algebra
A(S21),
[A,B]− = (q
2− 1)BA =⇒ {A,B} = 2iAB
[B, B∗]− = (q
2− q−2)A2− (1− q−2)A =⇒ {B, B∗} = 2iA(2A− 1).
The complex coordinate ζ is related to these generators by ζ = A−1B, and so we
can compute the Poisson bracket
{ζ, ζ¯} = 2i(ζζ¯+ 1).
This agrees with (8.2) if c = −2. So, we see that the Podles´ standard sphere does
satisfy the condition for the existence of a deformed spectral triple. It seems likely
that the Da˛browski-Sitarz example is indeed a deformed spectral triple, but this
has not yet been checked explicitly.
8.5. The Dual of a Lie Algebra. Let g∗ be the linear dual of a semisimple Lie alge-
bra with a constant, g-invariant Riemannianmetric (e. g., the Cartan-Killing form).
The natural Poisson structure is given explicitly by πij = C ijk x
k, where C ijk are the
structure coefficients of g and xk are the coordinates. The Levi-Civita connection is
simply the trivial connection given by partial derivatives on the vector space g∗.
The covariant derivative of the Poisson field is simply∇kπij = C
ij
k . So we have,
∇jπ
ij = C ijj = 0.
That is, g∗ satisfies the conclusion of Thm. 1. The possibility of smoothly deforming
integration into a trace is not ruled out. This is discussed more extensively in [1].
In order to compute the curvature of the metric contravariant connection, it is
sufficient to work with constant 1-forms. The space of constant 1-forms is naturally
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identified with g. Let α, β, γ ∈ g. Let x · α = xiαi be the linear function on g∗ with
derivative α. The definition of the Poisson structure on g∗ can be stated succinctly
as {x · α, x · β} = x · [α, β]. With this, we see that the Koszul bracket of constant
1-forms is simply the g-bracket,
[α, β]pi = [d(x · α), d(x · β)]pi = d{x · α, x · β} = [α, β].
We can now construct the metric contravariant connection. Because the metric
inner products of α, β and γ are constant over g∗, eq. (6.4) simplifies to
〈Dαβ, γ〉 =
1
2
[〈[γ, α], β〉− 〈[β, γ], α〉+ 〈[α, β], γ〉] = 1
2
〈[α, β], γ〉,
using that 〈[α, β], γ〉 = 〈[β, γ], α〉 = 〈[γ, α], β〉. So, the connection is given by
Dαβ =
1
2
[α, β].
The definition (2.5) of curvature now gives,
K(α, β)γ = DαDβγ−DβDαγ−D[α,β]piγ
= 1
4
[α, [β, γ]] − 1
4
[β, [α, γ]] − 1
2
[[α, β].γ]
= −1
4
[[α, β], γ].
We see that K 6= 0, and so g∗ does not admit a deformed spectral triple.
8.6. QuantumGroups. Suppose thatG is a semisimple Lie group with Lie algebra
g and a left and right invariant Riemannian metric. Consider a deformation of
G into quantum groups. Because of semisimplicity, the Poisson field for such a
deformation is of the form,
π = rR − rL, (8.3)
where rR and rL are respectively the right and left invariant bivector fields which
are both equal to some r ∈ ∧2g at the identity e ∈ G.
The Levi-Civita connection is left and right invariant. The divergence ∇jπij is
a vector field on G which decomposes as a sum of left and right invariant vector
fields. If we identify g with left invariant vector fields on G, then the g-bracket is
identified with the Lie bracket. For X, Y ∈ g, the Levi-Civita connection is given by
∇XY =
1
2
[X, Y].
Using index notation and the structure coefficients Cijk, the covariant derivative of
rL is
∇kr
ij
L =
1
2
rajCika+
1
2
riaCjka,
and the divergence is
∇jr
ij
L =
1
2
rkjCijk+
1
2
rikCjjk = −
1
2
rjkCijk. (8.4)
This amounts to applying the Lie bracket to ∧2g; for example, if r = X ∧ Y, then
(8.4) would be −[X, Y]. This is the left-invariant part of ∇jπij. The right invariant
part is essentially the same. The condition that ∇jπij = 0 is only satisfied if (8.4)
vanishes. So, integration over G can only be smoothly deformed to a trace on
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quantum groups if (8.4) vanishes. For the Drinfel’d-Jimbo r-matrix (see, e. g., [19]),
(8.4) is a nonzero element of the Cartan subalgebra and thus the condition is not
satisfied.
The Koszul bracket of left-invariant 1-forms is left-invariant (see [29, 22, 28]). If
we identify left-invariant 1-forms with the dual, g∗, of the Lie algebra, then this
bracket is given by,
[α, β]pi = ad
∗
rαβ− ad
∗
rβα,
where ad∗ is the coadjoint representation of g on g∗ and (rα)j := rijαi.
If α, β, γ ∈ Ω1(G) are left-invariant, the metric inner products 〈α, β〉 et cetera
are constant functions on G. This simplifies eq. (6.4) for the metric contravariant
connection to
〈Dαβ, γ〉 =
1
2
(
〈ad∗rγα, β〉+ 〈ad
∗
rγβ, α〉+ 〈ad
∗
rαβ, γ〉
−〈ad∗rαγ, β〉− 〈ad
∗
rβγ, α〉− 〈ad
∗
rβα, γ〉
)
.
Invariance of the metric shows that 〈ad∗rαβ, γ〉 + 〈ad
∗
rαγ, β〉 = 0, et cetera. So, the
metric contravariant connection on left-invariant 1-forms is simply,
Dαβ = ad
∗
rαβ. (8.5)
Note that the metric has factored out of this formula. The connection is determined
by the invariance of the metric.
We can now compute the curvature,
K(α, β)γ = ad∗[rα,rβ]−r[α,β]pi γ = ad
∗
[r,r](α,β)γ,
where [r, r] ∈ ∧3g is treated as a map [r, r] : g∗ ⊗ g∗ → g. This only vanishes if
[r, r] is constructed from the center of g, but G is semisimple, so the curvature only
vanishes if
[r, r] = 0. (8.6)
This means that if a quantum group deformation of G admits a deformed spectral
triple, then the corresponding classical r-matrix must satisfy (8.6), which is the
well-known “classical” Yang-Baxter equation.
9. CONCLUSIONS
What are the implications of these results? Of course this depends on what, if
anything, one wants to do with noncommutative geometry.
Suppose that space-time noncommutativity exists and is relevant to the classi-
cal physics of general relativity. We know by observation that noncommutativity
can be ignored to a very good approximation, therefore we ought to be able to
treat noncommutativity as a perturbation of commutative space-time. One should
therefore consider general relativity with first order noncommutative corrections
described by a Poisson field. However, the result is not general relativity to leading
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order! As I explained in Section 7, consistency with a noncommutative deforma-
tion restricts the geometry of space-time. This makes space-time rigid, probably
too rigid for the gravitational field to propagate in the way it is observed to. In 4
dimensions, compatibility with a symplectic deformation leaves the metric with at
most 2 degrees of freedom per point of space-time, rather than the usual 6 degrees
of freedom. This sort of noncommutativity in the space-time of classical physics
thus appears to be ruled out.
This leaves the possibility of noncommutative space-time at some quantum level.
In such a domain, there is less reason to assume that space-time is approximately
commutative at all, but one can still consider the possibility. If a noncommutative
deformation describes the geometry of space-time in some model “before quan-
tization” or the geometry of space-time in some exotic limit of physics, then the
Poisson field can be taken as a physical field and my obstructions can be taken as
physical conditions (perhaps equations of motion) on this field and the metric.
Onemight also imagine that the rigidity engendered by noncommutativity is the
mechanism responsible for freezing out physically unobserved extra dimensions,
such as are found in Kaluza-Klein, supergravity, and string theories. A similar
idea has been suggested by Dubois-Violette, Kerner, Madore, Doplicher, Freden-
hagen, and Roberts [13, 15]; with the motivation of preserving Poincaré symmetry,
they propose a noncommutative space-time which is a deformation of a higher-
dimensional manifold.
Another possibility is that my hypotheses in Theorems 1, 2, and 5 are too restric-
tive. There are several ways in which this might be so.
Perhaps the assumptions of smoothness in the deformation of geometry are too
restrictive. This would be surprising given how well smoothness works in the
deformation of the algebra alone.
Perhaps deformations should be considered in which noncommutativity is only
“nonperturbative”. That is, it does not appear at finite order in κ. This is not an
altogether unreasonable possibility. Consider a lattice approximation. That is, let
M be a compact Riemannian manifold and Xj ⊂ M a sequence of finite subsets
which grow uniformly dense at every point as j→∞. Construct the subset
X := ({0}×M) ∪
∞⋃
j=1
(
{j−1}× Xj
)
⊂ [0, 1]×M.
Now letA ⊂ C(X) be the algebra of functions on Xwhich are restrictions of smooth
functions on [0, 1] ×M and let κ ∈ A be the coordinate on the interval [0, 1]. This
is a smooth commutative deformation ofM, but the algebra is actually unchanged
to all orders in κ. The algebra A/κmA is simply the tensor product of C∞(M) with
the algebra C[κ]/κm. As this can happen with a commutative deformation, it can
certainly happenwith a noncommutative deformation. Of course, in this case there
may not be anything as convenient as a Poisson field to describe the deformation.
Perhaps the structures I chose to deform are too restrictive. If one accepts the
idea of a smooth deformation characterized by a Poisson field, thenmy results here
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can be taken as a guide to the structures one should not in general expect to be able
to deform. If π has nonzero divergence, then don’t expect to deform integration
by traces. If there does not exist a flat, torsion-free contravariant connection, then
don’t expect to deform 1-forms with a gradient operator that is a derivation. If the
metric contravariant connection is not flat, then don’t expect to construct a well-
behaved family of spectral triples.
Another possibility is the sort of noncommutativity that occurs in the almost
commutative spaces of Connes-Lott models. In this case, the noncommutative
space is the product of a commutative manifold and a small noncommutative
space. In such a scenario, the noncommutativity is not given by a deformation.
Such a space appears to be commutative not because of a scaling limit, but be-
cause the noncommutativity isn’t interpreted as geometry, but as gauge and Higgs
fields.
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